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Abstract

For some applications, a real-valued OFDM signal is required. This can be done by taking
a DFT of a conjugate symmetric vector. The spectral efficiency of the real-valued OFDM
signal is the same as the spectral efficiency of the complex-valued OFDM signal.

1 Signal Description

The baseband OFDM signal is typically written as
N-1
x(t) = Z Xpel?™T 0 <t <T, (1)
k=0

where N is the number of subcarriers, {X;}5_;' are the data symbols and 7T is the block period.
Sampling z(t) at N equally spaced intervals over 0 < t < T yields the sequence,

N-1
zln] = o)y = Y Xpe??™ N = 0,1, N -1, 2)

k=0

which is the inverse discrete Fourier transform (IDFT) of the vector X = [X¢, X1,..., Xy_1]. The
sequence is complex-valued in general. However it can be made real-valued by making X conjugate
symmetric:

Xnjarr = Xypopy k=1,2,...,N/2 -1, (3)

and
Xo = Xy = 0. (4)
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The IDFT is then

N-1
x[n] _ Z XkejZWkn/N
k=1

N/2-1
- Z XN/Q_keﬂ”(N/Q"“)”/N + XN/2+k€J27T(N/2+k)n/N (5)
k=1
N/2-1
— Z X g€ 2TNI2Rm/N X;[/Q_kej%r(Nm—&—k)n/N’
k=1
n=0,1,...,N — 1. But since
6j27r(N/2+k)n/N — €j27r(N/2+k)n/Ne—j27an/N
— ejQW(—N/2+k)n/N (6)
_ ¢~92m(N/2=K)n/N
(5) can be written as
N/2—1
z[n] = Z XN/2_k€j27r(N/2—k)n/N + X;/z_ke—j27r(N/2—k)n/N’ (7)
k=1
n=0,1,..., N — 1. Using the identity A + A* = 2R{A},
N/2-1
x[n] = 2R Z Xy g el 2 (N/2=k)n/N
k=1 .
Nj2-1 (8)

=2RS D XN n=0,1,...,N -1
k=1

And since R{AB} = R{A}R{B} — S{A}3{B},
N/2-1
xn| =2 Z R{ X} cos(2mkn/N) — S{ X} sin(2wkn/N), (9)
k=1
n=0,1,...,N — 1. Thus, x[n] is real. Passing the sequence through a D/A converter yields the
continuous-time real-valued OFDM signal:
N/2-1
z(t) =2 Z R{Xi} cos(2mkt/T) — I{ X} sin(2mkt/T). (10)
k=1
Now, suppose the data symbols are derived from a M-QAM (quadrature-amplitude modula-
tion) constellation; that is,
Xy = R{Xy} + jS{ X}, (11)
where

R{X:}, S{X,} € {£1,43,..., (VM — 1)}, for all k. (12)

In other words, the real and imaginary components are derived from v M-PAM (pulse-amplitude
modulation) constellations. Therefore, processing M-QAM data with the IDFT, (10) is a real-
valued v M-PAM OFDM signal.



2 Spectral Efficiency

Complex-valued baseband signals are transmitted as bandpass signals, centered at a carrier fre-
quency f. Hz. This is the case for the complex-valued signal in (1). The transmitted signal is
represented as

s1(t) = R {x(t)e>™ '} (13)

In the frequency domain, z(t) is shifted to the right by f. Hz, and the subcarriers are centered at
feo fe+ 1T, fe+2/T,..., fc+ (N —1)/T Hz. The effective bandwidth of the signal is therefore
N/T Hz. Each data symbol represents log, M bits (i.e., they are assumed to be selected from a
M-ary constellation), therefore the spectral efficiency is

S — Bits per second (b/s)  Nlog, M/T
"7 Bandwidth (Hz)  N/T

=log, M b/s/Hz. (14)

The real-valued OFDM signal in (10) has the same spectral efficiency as the complex-valued
signal, so long as it is transmitted at baseband. Transmitting the signal as-is, R{X}, k =
1,2,...,(N/2) — 1, modulate cosine subcarriers centered at 1/7,2/T,...,(N/2 —1)/T Hz; and
likewise, S{Xx}, k = 1,2,..., N/2 — 1, modulate sine subcarriers at the same frequencies. The
effective bandwidth of the signal is (N/2 — 1)/T Hz!, and since the real and imaginary parts of
M-QAM X, represent 0.5log, M bits, the spectral efficiency of the real-valued OFDM signal is

S - Bits per second (b/s) 2 x (N/2—1)0.5log, M/T
7 Bandwidth (Hz) (N/2 —1)/T

=log, M b/s/Hz. (15)

Therefore the spectral efficiency is the same as for the complex case.

However, the spectral efficiency of the real-valued signal is 1/2 that of the complex-valued
signal if the real-valued signal is translated up to a carrier frequency. This is due to the fact that
the cosine and sine subcarriers in (10) have a double sideband spectrum: i.e., cos(2mkt/T) [or
sin(27wkt/T)] has a spectral components at +k/7 Hz. [This isn’t the case for the complex-valued
signal, which has complex sinusoids: exp(j2rkt/T') has a spectral component only at k/7 Hz and
is thus considered single sideband.] The carrier frequency is typically much larger than the signal
bandwidth, so the frequency translation brings all the negative frequencies to the positive side:
—(N/2—=1)/T + f. > 0. Consequently, the passband transmission of (10) results in a signal with
double the bandwidth and 1/2 the spectral efficiency.

1Only the positive frequencies, f > 0, count.



