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Abstract

This tutorial examinesestimating the power density spectrum of digital communications signals using
the Welch method.

1 Signal Description and the Welch Metho d

Considerthe bandpasscommunication signal s(t) having the complex ervelope with thergeneralform (1) =
A(t)el (O whereA(t) is the amplitude waveform, (t) is the phasewaveformand j = =~ 1. The bandpass
signal is written as

s(t) = Re (t)el? fet

- A 1)
= A(t)cos[2 f.t+ (1)]

wheref is the carrier frequency

It is desiredto nd the power density spectrum of s(t). For certain types of communications signals
analytical approachescan be dicult, in which caseestimation techniques with computer simulation are
useful. In this tutorial the Welch method [PM96, pp. 911{913]is studied.

First, note that the power density spectrum of s(t) can be written as[Pro01, p. 202]

wF) =20 (F+F)+  (F Fo @

where (F) is the power density spectrum of the equivalent lowpasssignal (t). The frequency variable
F hasunits cyclesper second(Hz). Equation 2 showsthat it su ces to determine (F).
The equivalent lowpasswaveform is sampledat the rate Fs = 1=T for Ng samplesto get the sequence

x(n) t)jt=nT.; n=0;1:::;Ns 1 3)

The sampling rate must be high relative to the bandwidth of the signal to reduce the e ects of aliasing.
Next, the samplesf x(n)g are usedto make L overlapping subsequencesvith length M. The subsequences
are de ned as

xi(n) x(n+iD); n=0;1:::;;M 1

i=01;:::;L 1 @)

whereiD is the starting point of the ith sequence.For example,if D = M =2 results in 50% overlap of the
subsequences.
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The Welch method estimatesthe power density spectrum by averaging modi ed periodograms. The ith

modi ed periodogram is
1 2

xi(n)w(n)e 12 " 5)
n=0
wheref = F=F; is the normalized frequency variable having the units cyclesper sample. The scaling factor
Ts adjusts the magnitude of the discrete-time signal spectrum to be equal to the analog signal spectrum.
The windowing function is represerted by the samplesfw(n)g and U is a normalizing constart de ned as

Ts
UM

~0(f) =

u — w2(n) (6)
n=0

Finally, the estimate of the power density spectrum is

B 1
~0(f) )

i=0

Wt =

|~

Equation (5) is not computed for a continuum of frequencies;but at N equally spaced frequencies
fk = k=N, k= 0;1;:::;N 1, using the N -point discrete Fourier transform. For N > M, the sequences
zeropaddedwith N M trailing zerosprior to calculating the DFT.

2 Examples
In this section, the Welch method is usedfor spectral estimation of various digitally modulated signals. The

e ect the parametersFs, M, and L have on the estimate are studied. For ead example,the Hanning window
is used, which is de ned as

1 cos n=20%:::;;M 1 (8)

NI =

w(n) =

2.1 Linearly Mo dulated Signals
Consider linearly modulated communication signalsin the generalform [Pro01, pp. 203]
R
(t) = lng(t nT) 9)
n=1

where g(t) is the signal pulse shape, the transmission rate is 1=T symbols per secondand fl,g represerts
the sequencehat results from mapping k-bit blocks into corresponding signal points selectedfrom the signal
spacediagram. As shown in [Pro01, p. 204]the power density spectrum of (t), assumingindependert data
symbols, is

1. .
(F) = TIG(F)J° (10)
For binary phase-shiftkeying, fl,g2 1. Using the rectangular pulse shape

(A O t<T)

t) = 11
ot 0 (otherwise) (1)
the power density spectrum is
: 2
sin FT

F)= A%T 12

(F) = (12)
Figure 1 shawsthe e ect of the samplingrate Fs = = T. The highestfrequencythe estimate can measure

is Fs=2 Hz and, as shown by the = 16 case,the estimation is unreliable for frequenciesabove 8=T Hz.



This is due to aliasing causeby converting the signal (t) to the sequencef x(n)g. When increasing the
sampling rate to Fs = 32=T, the spectral estimate is more accurate for the higher frequencies. Note that
for low frequencyin the range0 FT 2, both sampling rates are su cien tly high to achieve accurate
estimates.

Figure 2 shows three estimatesfor di erent valuesof L. In general,the more periodogramsaveraged,the
better the estimate.

Figure 3 shaws how the window length M e ects the spectral resolution of the estimate. Shorter windows
have broader spectral mainlobeswhich smearthe estimate and therefore reducesthe spectral resolution. For
M = 1024,the spectral resolution is high enoughto properly measurethe spectral nulls in the BPSK signal.

Although this sectionconsidersonly BPSK, the results the samefor many typesof linearly modulated sig-
nals including generalizedphaseshift-keying (M -PSK), pulse-amplitude-modulation (PAM) and quadrature
amplitude modulation (QAM).

2.2 Binary Frequency-Shift Keying

In this section, the power density spectrum for binary frequency-shift keying is estimated. The complex
ervelope of binary FSK in the interval N T t< (n+ 1)T is

(t) = Aexp[j In r(t nT) (13)

where the binary data symbol I, isin the setf 1gand ¢ is the frequencyseparation betweenthe binary
signals.

The analytical expressionfor the power density spectrum is not as simple asin the binary PSK example
sincethe spectrum consistsof both corntinuous and discrete componerts. For the special caseof orthogonal
signalswith a frequency separationof ¢ = 1=2T Hz, the continuous portion of the spectrum is

0 . 12

F2|1_|_

XL a2 sin —
c(F)= A4T % 2 4T1 § (14)

i=0 FE —_-

aT

Figure 4 shows the spectral estimate for binary orthogonal FSK. The continuous part of the spectrum is
well matched to Equation 14. The spectral lines at integer multiples of 1=T Hz constitute the discrete
componerts in the frequency domain.

Figure 5 shows the estimated spectrum for binary FSK with ¢ = 3=2T Hz. Clearly, by increasingthe
frequency separation increasesthe spectral occupancy of the signaling.

2.3 Minim um-Shift Keying

For minimume-shift keying, the equivalent lowpasssignalin the interval N"T  t < (n+ 1)T is [Pro01, p. 192]

. 1 t nT
= + =
()=Aexp j n+ 3 In T (15)
where
1 X!
=5 I (16)
k=1
givesmemory to the signaling. The binary data symbol I, is chosenfrom the setf 1g.
The power density spectrum for MSK is [Pro01, p. 212]
16A%T  cos2 FT 2
(f)= (17)

27 1 16F2T?

Figure 6 comparesthe spectral estimate for MSK to Equation 17.



A Computing Ng

Given a samplerate Fs = =T, where is an integer, a window length M, and the number of average
periodogramsL  Lmin, the correct number of samplesNg can be computed. First, the highest index for
the subsequencd x,. 1(n)gin Equation 4isn=M 1+ (L 1)D and sincethe highestindex for fx(n)g
isn= Ns 1, the total number of samplescan be relatedto M, L, and D as

Ns=M+ (L 1)D (18)
It is desiredthat Ng= be aninteger. The parameter L is usedsuch that L Ly, and

rem M =0 (]_9)

where rem[i=j ] represernts the remainder of i=j .

B Simulation Code

The code in the sectionis usedto produce Figure 2. The output of the program is savedto two ASCII text
les: \bpsk2.dat" (simulation results) \bpsk2Theory.dat" (Equation 12). This code should run properly
when called by MATLAB, however it is written for GNU Octavela MATLAB-compatible open source
and freely available alternative. To install GNU Octave on the Debian GNU/Lin ux operating system
(http://www.debian.org/), simply type\apt-get install octave" at the command prompt.

% This GNUOctave file estimates the spectrum
% of binary PSKusing a rectangular pulse shape.
% The result is saved to the bpsk2.dat and

% bpsk2Theory.dat.

clear

offset=1; %Index offset.

alpha=32;

M=512;

N=2048;
Lmin=[1,10,1000] ;

A=1,

T=1,;

% Sample rate. Makesure to sample an integer
% number of time per T.

Fs=alpha/T;

Ts=1/Fs;

D=M/2; % Make sure this is an integer.

for iL=1:length(Lmin)
% Determine L.
L=Lmin(iL)
go=1;
while go
r=rem((M+(L-1)*D) ,alp ha);
if r~=0
L=L+1;
else
go=0;
end



end
Ns=M+(L-1)*D;
n=0:(Ns-1);

% The number of symbols is Ns/alpha.
N_sym=Ns/alpha;

% Determine the BPSKdata symbols.
I=2*round(rand( 1,N_sym)- 1,

% Computethe samples.
x=A*I(floor(n*T  s/T)+offset) ;

% Make the L subsequences
n=0:(M-1);

xi=zeros(L,M);

for i=0:(L-1)

xi(i+offset,:)=x( n+* D+df set);
end

% Hanning window
w=0.5*(1-cos(2* pi* n/ (M-1))) ;

% Calculate the normalizing constant U.
U=1/M*sum(w."2);

% Determine the ith modified periodogram using
% N-point FFT

for i=0:(L-1)
Phii(i+offset,:)= Ts/( U*N)* (abs(fft (xi( i+off set,: ). *w,N))). *2;
end

% Nowaverage to get the Welch power spectrum
% estimate

Phi(iL,:)=1/L*s  um(hi ,1) ;

end

% The FFTis calculated at fk=k/N cycles per sample.
% This corresponds to Fk=Fs*k/N Hz. Normalized to T,
% compute FKT.

k=0:(N-1);

FkT=Fs*k/N;

% Save to file.

data=[FkT', 10*log1lO(Phi(1,: ))' , ...
10*log10(Phi(2,: ))' , 10*logl0(Phi(3,:) )" I;
save -ascii bpsk2.dat data

% Computetheory and save.
k=linspace(0,(N- 1), 10000);

FkT=Fs*k/N;

theory=A"2*T*(si nc(FKkT))." 2;
dataTheory=[FKT' , 10*log10(theory )7 ;
save -ascii bpskTheory2.dat dataTheory



C Using Gnuplot

With the ASCII text les generatedfrom the simulation code in Section B, Gnuplot is usedto make the
graphic for Figure 2. Gnuplot is an open source program that can output the graphic into many formats.
For the needsof this tutorial Gnuplot is usedto generatelATEX code which canthen be integrated into the
documernt. The following le \bpsk2" is ran at the Gnuplot prompt with the command \load ‘bpsk2' ".

# This gnuplot file plot the results of the bpsk2.m GNU
# Octave simulation.

set term pslatex monochromedashed rotate 8

set output "bpsk2.tex"

set xlabel ‘[t}{Normalized frequency $F\Tsym$}

set ylabel 'Spectral Estimate $\tilde{\Phi}*W _{\ nu\nu}( f) $
set size 0.9,1.5

set border 31 linewidth 0.5

set ticscale 0.5

set nogrid

set linestyle 11t 41w 1
set linestyle 21t 21w 1
set linestyle 31t 51w 1
set linestyle 41t 11w 05

plot [0:5][-35:0] "bpsk2.dat" using 1:2 title '$L=1$" with lines Is 1\
"™ using 1:3 title '$L=10%" with lines Is 2\

"™ using 1:4 title '$L=1000%' with lines Is 3\

"bpskTheory2.da t" title  'Theory' with lines Is 4

[Figure 1 about here.]
[Figure 2 about here.]
[Figure 3 about here.]
[Figure 4 about here.]
[Figure 5 about here.]

[Figure 6 about here.]
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